An algorithm to assess transversal cracks in composite structures based on natural frequency changes due to damage is proposed. The damage assessment is performed in two steps; first the crack location is found, and afterwards an evaluation of its severity is performed. The technique is based on a mathematical relation that provides the exact solution for the frequency changes of bending vibration modes, considering two terms. The first term is related to the strain energy stored in the beam, while the second term considers the increase of flexibility due to damage. Thus, it is possible to separate the problems of localization and severity assessment, which makes the localization process independent of the beams cross-section shape and boundary conditions. In fact, the process consists of comparing vectors representing the measured frequency shifts with patterns constructed using the mode shape curvatures of the undamaged beam. Once the damage is localized, the evaluation of its severity is made taking into account the global rigidity reduction. The damage identification algorithm was validated by experiments performed on numerous sandwich panel specimens.
Introduction
Composites consist of two or more constituents with quite different physical and/or chemical properties, separately and distinctively identifiable within the structure. Unlike natural materials, which have predefined properties, composites are elaborated to fulfill predefined needs, permitting a new approach in structural design. Among composites, sandwich structures are a special class; they are manufactured by sheets with different mechanical and physical properties, disposed in a spatial distribution that provides the sandwich composite with high shear stiffness and high bending stiffness to weight ratio. Under static and dynamic loads in various environments, sandwich structures related problems are studied from the mid of the last century. The main attempts are focused on bending and buckling [1] [2] [3] , optimal design [4] [5] [6] , shock resistance [7, 8] , and vibrational behavior [9] [10] [11] [12] with identification of natural frequencies and/or elastic parameters of the sandwich structures. Recent works are devoted to detection of damage in sandwich beams or plates, with different core types and damage configurations [13] [14] [15] [16] . Most actual damage detection methods, even for isotropic structures, are difficult to be applied due to the fact that no analytical solution to quantify frequency changes due to damage is available. Furthermore, the damage assessment algorithm has to be an adapted function of boundary conditions and mechanical and geometrical structure characteristics.
Our previous research work [17] [18] [19] [20] permitted contriving a mathematical relation that permitting predicting the values of the natural frequencies for damaged beams with any crack type and configuration. This technique is applicable for beams having any support type and slenderness. Based on this technique, we developed a damage detection algorithm that uses the frequency shifts of the weak-axis transversal vibration modes. Because the frequency shift is expressed by two terms, where the first term depends on the damage location and the second on its depth, it is possible to separate the problem of localizing the damage and evaluating its severity. Consequently, we proposed a damage detection method, which is performed in two steps, that is, first identifying the damage location and afterwards estimating its severity. This paper presents an extension of the method for multilayered beams.
Vibration of Sandwich Beams
Since the aim of the research was to establish a proper damage detection method for composite beams, we analyzed first the dynamic behavior of these types of structures. For the analysis, we consider a sandwich beam, having length , width , and height ℎ, composed of top and upper steel faces with thickness and foam core with thickness as shown in Figure 1 . The material parameters of the steel faces are mass density ; Young's modulus ; and Poisson's ratio . The foam core has mass density , Young's modulus , and Poisson's ratio .
For a symmetrical cross-section like that presented in Figure 1 , the core flexural rigidity measured around the neutral axis is given by [4] ( ) core = 3 12 .
For the two faces, each of cross-sections = , with the weight center placed at distance = ( + )/2 from the neutral axis , the flexural rigidity measured around this axis is as follows:
The equivalent flexural rigidity ( ) eq of the sandwich beam is the sum of the rigidities of the faces and the core around the neutral axis . It can be expressed as follows:
The linear mass for one face iŝ= = , while the linear mass for the core iŝ= = ; thus, the linear mass for the sandwich beam is as follows:
Consequently, using relations (3) and (4), the equation of motion for an Euler-Bernoulli beam, neglecting the effect of damping, is given by 
Considering that the vertical displacement depends on distance and time , and the evolution in time is harmonic, can be written as follows:
After derivation and substitution in relation (5), one obtains the following:
Denotinĝe q 2 /( ) eq = 4 , we find the solution as follows:
After three derivations, one obtains the system of equations as follows:
If we consider the beam as a cantilever, the boundary conditions are (0) = (0) = 0 and ( ) = ( ) = 0; thus we obtain the characteristic equation as follows: and substituting the values of and the angular frequencies , consequently the natural frequencies of the undamaged cantilever beam are obtained as follows:
Equation (8) shows that the dynamic behavior of a sandwich beam is similar to that of a homogeneous beam in terms of mode shapes, while the natural frequencies are different. This feature was used for the design of a damage detection method applicable to sandwich beams. 
Exact Solution for the Frequency Changes due to Damage
The effect of a crack on the natural frequency of a certain transversal vibration mode depends on its position on the beam and its geometry, namely, orientation, depth, and width. For transversal cracks with a given location on the beam, the depth increase produces a frequency decrease. On the other hand, a transversal crack with given depth and width produces different frequency shifts for a certain vibration mode when it has different locations along the beam. Similarly, a crack placed in a certain location will produce different frequency shifts for different vibration modes; for example, there are several locations in which the damage will not produce a frequency change at all. This phenomenon happens due to the fact that beam slices are placed in locations where a mode shape curvature has inflection points that undergo no bending and consequently do not contribute to the strain energy stored in the beam for that mode. Thus, when a crack does not lead to loss of energy, the natural frequency of that mode is not affected. On the contrary, a slice placed in a location where the mode shape curvature of a certain vibration mode exhibits local extrema is able to accumulate important amount of strain energy. Therefore, a crack placed on that location essentially modifies the natural frequencies of that vibration mode. In this paper an example of a cantilever beam, fixed on the left end ( = 0), is presented. Figure 2 (a) shows the beam mode shape and its curvature for bending mode 7, with stress on two characteristic points, namely, one of the curvature's inflection points A and one of its local maxima B. Herein, it is also presented as a curve reflecting the damaged beam's frequencies for all possible crack locations along the beam. From Figure 2 (a), one observes the good correlation between the characteristic points (i.e., inflexion and local extrema) and the frequency shifts tendency. Figure 2 (b) depicts the behavior of the slices placed on the above mentioned characteristic points. Obviously, the slice placed on an inflection point (e.g., point A) just rotates, being not subjected to bending. This means that no energy is stored in that slice so that a crack located in this location does not affect the global behavior of the beam in mode 7. This means that no energy decrease takes place; thus no frequency change occurs. On the other hand, it can easily be observed that a crack placed on slice that undergoes severe bending (i.e., high values of the curvature), like that placed on point B, produces an important frequency decrease. This fact is justified by the expression of the strain energy stored in a slice:
where ( ) is the strain energy stored in the slice, is located at distance from the fixed end for the vibration mode , and ( ) is the mode shape curvature for mode at that location. Consequently, the frequency change of a vibration mode due to a certain crack depends on the energy stored in the affected slice, that is, the square of the mode shape curvature. This means that knowing the effect of a crack placed in the location where the local stored energy (or the curvature square) attends the global maxima, it is possible to find the crack influence on any other position by considering the normalized stored energy in that location. For the cantilever fixed point at = 0, the normalized stored energy in any location is calculated by using the following relation:
Since this paper focuses on Euler-Bernoulli beams, we can use the "normalized curvature square" instead of the "normalized stored energy. "
The similarity between the frequency shift curves due to damage and the expression = (1 − ( ( ))
2 ) is obvious as can be seen in Figures 2(a) and 2(c). This fact demonstrates that the frequency shift due to a crack placed on the beam is controlled by the normalized curvature square. Evidently, the deeper the crack, the higher the frequency decrease. Based on these observations, we determined a relationship that indicates the frequency shift for any bending vibration mode , damage depth , and location and any beam support type [21] . The relation is presented as follows:
The notations used are − for the frequency of the undamaged beam, − ( , ) for the frequency of the damaged beam with a crack of depth at the position on the beam, ( ) for a function representing the maximum stiffness reduction (for cantilever beams, it is at the fixed end), and ( ) for the normalized mode shape curvature having values between −1 and 1. From previous researches, we found the relation for the damage severity as [14] (
where V max ( ) is the deflection of the undamaged beam and V max ( ) is the deflection of the damaged beam, under own weight, respectively.
The function ( ) has the same meaning as the massless torsional spring of stiffness ( ) used in many papers to model the damage. In these papers, see, for instance, [21] [22] [23] [24] [25] [26] [27] , the spring constant is expressed using the empirical expressions of local compliance ( ) from fracture mechanics as follows:
where = /ℎ is the dimensionless damage depth and is the damage severity. In the works of Liebowitz and Claus [21] , Liebowitz et al. [22] , Rizos et al. [23] , or Caddemi and Caliò [24] , the local compliance has the following form: 
Ostachowicz and Krawczuk [25] instead proposed the following expression: 
Other expressions of the local compliance are given by Bilello [26] ( ) = (2 − ) 0.9( − 1) 2 (19) and by Chondros et al. [27] , who have created a lumped cracked flexibility model equivalent to their continuous model as follows: (20) Figure 3 presents the comparison between the curves plotted using (15) , expressed in respect to the dimensionless damage depth and the functions ( ) determined from fracture mechanics. From Figure 3 , we observe a good concordance, which validate our approach.
Opposite to the equations presented in the literature, valid just for rectangular cross-sections, (14) contrived by the authors permits correlating damage depth and severity for any cross-section shape. Furthermore, it is applicable for Shock and Vibration composites with constant rigidity in the healthy state, like sandwich panels or some continuous fiber reinforced composites.
To prove the validity of (14) for some types of composites, simulations were carried out for a cantilever steel beam and a similar sandwich beam (Figure 4) , respectively. The damage having the width = 0.5 mm is placed in the vicinity of the fixed end and the dimensionless depth /ℎ varying from 0.1 to 0.9. The results obtained for the two types of structures are presented in Figure 5 .
It should be mentioned that, for the steel beam, the damage severity indicator increases constantly until it reaches the value 1 for the theoretical value of damage = ℎ as presented in Figure 5 (a). For the sandwich beam, until the damage does not rift the steel face, the damage severity indicator takes low values. Once the face is completely separated, the damage severity indicator increases dramatically. At this point, the crack extension produces slow increase of the severity indicator, until the bottom steel sheet is reached. If the crack is extending in the bottom steel sheet, the damage severity indicator increases faster with the dimensionless damage depth /ℎ until it reaches a unit value for the theoretical case = ℎ. These aspects are depicted in Figure 5 (b).
A Two-Step Damage Assessment Method Based on Pattern Recognition
From (14), we can deduce the frequency shift Δ for any bending vibration mode , damage depth , and location as follows:
and the relative frequency shift Δ * of a bending vibration mode as the ratio between the frequency shift and the frequency of the undamaged beam in that mode as
A novel two-step method to localize and evaluate damage severities was developed based on the contrived relation (22) . Considering this relation, at one location on the beam and for vibration modes, we obtain a series of terms, in the form of Δ * ( , ) = (0, ) ⋅ ( ( ))
2
, with = 1 ⋅ ⋅ ⋅ . Dividing terms to the highest value of the series, the severity coefficient ( ) is eliminated and the normalized relative frequency shifts Φ ( ) = Δ * ( , )/ max((Δ * ( , )) 2 ) for that location are obtained as follows:
. . .
The series in (23) , for which we nominate Spectral Damage Location Index (SDLI), is now independent of depth . Consequently, it characterizes only the crack location . Thus, patterns for any damage location can be analytically calculated using the normalized curvature squares as shown in Figure 6 , that is, the energy distribution along the beam. It has to be mentioned that only the mode shapes of the healthy beam and the corresponding curvatures are considered, because the mode shapes change insignificantly due to damage. This was proved by vision-based damage detection methods [28] , where a subpixel approach is necessary to highlight the mode shape changes. The values extracted from the normalized curvature squares have to be normalized again, thus becoming the highest value, that is, the unit. These patterns can be represented as histograms, as depicted in Figure 7 .
On the other hand, the frequency shifts can be determined by measurements. Suppose that, by starting monitoring a beam, the measured frequencies for undamaged beam are : { by dividing them by the highest value of the series. The mathematical formulation is presented as follows:
Comparing the series Ψ obtained using relation (24) with numerous series Φ obtained from relation (23) by considering a large number of locations along the beam, one can find the location where the terms of the two series match together. Thus, the crack location is found using only information about the frequency shifts in several vibration modes (determined by measurements), compared with patterns derived from the squares of the healthy beam mode shape curvatures of that vibration modes.
The algorithm can be used for all beams with any support type, simply choosing the adequate mode shape curvatures. Our researches revealed that the number of elements Φ involved in the analysis should be from six to ten; more elements are especially necessary when there are modes for which the measured results are not reliable.
Once the damage location is identified, it is possible to evaluate its severity indicator (0, ) by rewriting (22) as follows:
The relative frequency shift for mode one Δ * 1 ( , ) is known from measurements, while the term defining the damage position ( ( )) 2 is determined as the first member of the SDLI. As soon as the severity indicator (0, ) is known, the dimensionless damage depth can be determined from diagrams like that presented in Figure 5(a) or 5(b) . It has to be mentioned that (25) can be applied for any bending vibration mode, since (0, ) is mode independent. 
Experimental Results and Validation of the Method
To prove the method's validity for composite structures, a series of experimental tests were performed on sandwich beams. The experiments presented in this paper are performed on a cantilever beam. The boundary conditions were realized by mounting one of its ends in a rigid support (see Figure 8 ). The measurement system used for the vibration signal acquisition involved was programming environment LabVIEW, in which a virtual instrument was developed, in order to acquire the time history of acceleration and realize the spectral analysis [29, 30] . This virtual instrument is designed to find the natural frequencies with high accuracy, though early damage detection implies observation of small frequency changes. To find out the natural frequencies for the first six weakaxis bending vibration modes, we measured the accelerations on transversal direction. The accelerometer was placed near the free end of the beam, as shown in Figure 8 , in a location assuring reasonable displacement. A transversal force was applied on the beam to bring the mechanical system out of its equilibrium position. By suppressing that force, the beam started to vibrate. We recorded the acceleration values for the undamaged beam and determined the natural frequencies for the first six bending vibration modes. The process was repeated until trustful frequency values were obtained. The results can be improved by replacing the accelerometer on certain points, where the maximum displacement for the corresponding mode is obtained. Afterwards damage with different depths was produced and new series of measurements were realized. The obtained results for a damage depth of 6 mm placed close to the fixed end are presented in Table 1 , together with that obtained for the undamaged beam. One observes that for the damaged beam some frequencies show higher changes comparing to the undamaged case, while for other frequencies the changes are not so important. This makes it possible to precisely identify damage location and afterwards its severity by using an algorithm developed by the authors [31] .
Using the measured natural frequency values of the weakaxes bending vibrations for the undamaged and damaged case, one can calculate the relative frequency shift Δ * ( ) Shock and Vibration 9 [32] . The damage location was found at distance = 0.285 mm (or / = 0.285) from the fixed end, as is shown in Figure 9 . Table 1 presents in the last column the damage location index values for the first six vibration modes calculated for damage placed at = 285 mm from the fixed end. One can observe the good concordance between the normalized relative frequency shifts and the normalized SDLI values. Therefore, damage location is reduced to a pattern recognition problem.
Once the damage location is identified at = 285 mm, we can calculate the term defining the damage position ( ( )) 2 for mode one and afterwards the damage severity indicator (0, ). The evaluation of damage depth is made by finding the value of the dimensionless damage depth /ℎ on a curve similar to that presented in Figure 5(b) , for which the damage severity indicator (0, ) takes the value 0.1283. Thus we estimate the damage penetrated the foam core and a crosssection reduction due to damage above 45%. Dimensional measurements confirmed a damage depth around 14 mm, representing a cross-section reduction of almost 50%.
Tests were performed successfully on sandwich beams, for a large series of damage scenarios.
Conclusion
Research performed by the authors, presented in this paper, reveals that damage localization in sandwich panels can be successfully done using the relation contrived by the authors for isotropic materials. Difference appears by the evaluation of damage severity, where the curves representing the severity indicator versus dimensionless damage depth have another allure, given by the mechanical and geometrical characteristics of the constitutive layers.
On the other hand, the relative frequency shifts for sandwich structures with foam core attend higher values as that of steel beams. This makes damage detection and location in composite beams more facile compared to steel beams, but estimation of damage severity more difficult.
